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ABSTRACT 
This paper presents Harjeet's Synergistic Trigonometric Identities Part II, continuing the exploration of fundamental 

trigonometric relationships introduced in Part I. In this work, I establish a basic identity that enhances our understanding of 

the connections between sine, cosine, and tangent functions. We demonstrate how these identities can simplify trigonometric 

calculations and solve various mathematical problems through straightforward derivations and illustrative examples. The 

findings reinforce the foundational principles of trigonometry, providing essential tools for students and practitioners alike. This 

work aims to contribute to the educational discourse surrounding trigonometric functions, encouraging further exploration and 

application of these identities in various mathematical contexts. 
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INTRODUCTION 
Trigonometry, a fundamental branch of mathematics, deals with the relationships between the angles and sides of triangles, 

particularly in the context of right triangles. It provides essential tools for understanding periodic phenomena, such as waves and 

oscillations, and is widely applicable in fields ranging from physics to engineering. The study of trigonometric identities is crucial, as 

these relationships simplify complex expressions and enable the solving of intricate problems. [1,2] 

In Harjeet's Synergistic Trigonometric Identities Part I, we introduced a set of synergistic identities that establish connections 

among basic trigonometric functions. This second part aims to build upon that foundation by presenting additional identities that are 

equally fundamental yet often overlooked in traditional curricula. [1] 

The primary objective of this paper is to provide a comprehensive exploration of basic trigonometric identities, highlighting their 

derivations and applications. We will examine identities involving sine, cosine, and tangent, emphasizing their interconnectedness 

and practical utility. By illustrating these relationships with clear examples and geometric interpretations, we seek to enhance the 

understanding of trigonometric concepts for students and educators alike. 

This work also serves to reinforce the importance of a solid grasp of basic trigonometric identities, which are essential for more 

advanced studies in mathematics and its applications. Through the exploration of these identities, we aim to inspire further inquiry 

into the rich landscape of trigonometry and its relevance in various mathematical and real-world contexts. 

 

LITERATURE REVIEW 
The exploration of trigonometric identities has long been a focal point in mathematical literature, with significant contributions from 

historical figures and contemporary researchers alike. This review examines foundational concepts, educational approaches, and 

recent advancements in trigonometric identities, providing context for the identities presented in Harjeet's Synergistic 

Trigonometric Identities Part II. [1] 

Historical Foundations 

Trigonometric identities have their roots in ancient mathematics, with notable contributions from mathematicians such as Ptolemy 

and Aryabhata, who developed early relationships between the sides and angles of triangles. In modern mathematics, classical 

identities like the Pythagorean identity, angle sum identities, and double angle formulas remain central to the study of trigonometry 

(Swokowski, 2009). These identities serve as essential tools for simplifying trigonometric expressions and solving equations. [2,3] 

Educational Approaches 

Recent research emphasizes the importance of pedagogical strategies in teaching trigonometry. Studies by H Gur (2009) highlight 

that a deep conceptual understanding of trigonometric identities is critical for students. They advocate for interactive teaching methods 

that engage students with visual representations and technology, enhancing comprehension and retention of trigonometric concepts. 
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Similarly, TR Vijayram (2024) suggests that contextualizing identities within real-world applications can improve student motivation 

and understanding. [4,5] 

Advanced Trigonometric Identities 

While many studies focus on fundamental identities, recent literature has begun to explore the development of new identities that arise 

from the interrelationships of basic trigonometric functions. The work of Harjeet Singh (2024) investigates the implications of these 

identities in complex problem-solving scenarios, emphasizing their potential in various mathematical and engineering applications. 

This body of work supports the need for further exploration into novel identities and their applications, particularly in foundational 

studies like those presented in this paper. [1] 

Part I Review 

In Harjeet's Synergistic Trigonometric Identities Part I, we established three significant trigonometric identities that showcase 

the relationships between sine, secant, and tangent functions. These identities not only contribute to simplifying complex expressions 

but also provide a fresh perspective on the interconnectedness of trigonometric concepts. The emphasis on basic identities reflects 

a commitment to reinforcing foundational knowledge, crucial for both educational and practical applications in mathematics. [1] 

Gap in Literature 

Despite the existing research, there remains a notable gap in the systematic exploration of basic synergistic identities. This paper 

aims to address that gap by presenting additional identities that align with traditional teachings while promoting a deeper 

understanding of their interrelationships. By investigating these identities, I aspire to contribute valuable insights to the existing 

body of literature and inspire further exploration within the realm of trigonometry. 

 

DERIVATIONS 
Let there be a triangle 𝛥𝑋𝑌𝑍 where a is perpendicular, b is base and c is hypotenuse. 

Formula. sin 𝜃 + tan 𝜃 = tan 𝜃 (cos 𝜃 + 1) 

Derivation. Let us sum two trigonometric ratios sin 𝜃 and tan 𝜃,  

𝑠𝑖𝑛 𝜃 + 𝑡𝑎𝑛 𝜃 

𝑠𝑖𝑛 𝜃 +
𝑠𝑖𝑛 𝜃
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We know that,  

𝑡𝑎𝑛 𝜃 =
𝑎

𝑏
 

Substituting the value in expression,  

𝑡𝑎𝑛 𝜃 (
𝑏

𝑐
+ 1) 

We know that,  

cos 𝜃 =
𝑏

𝑐
 

Substituting the value in the expression,  

tan 𝜃 (cos 𝜃 + 1) 

Equating this expression to 𝑠𝑖𝑛 𝜃 + 𝑡𝑎𝑛 𝜃,  

𝑠𝑖𝑛 𝜃 + 𝑡𝑎𝑛 𝜃 = tan 𝜃 (cos 𝜃 + 1) 

 PROOFS 

Proof 1. To Prove: sin 𝜃 + tan 𝜃 = tan 𝜃 (cos 𝜃 + 1) 

Let us assume,  

𝑓(𝜃) = 𝑠𝑖𝑛 𝜃 + 𝑡𝑎𝑛 𝜃 

𝑔(𝜃) = 𝑡𝑎𝑛 𝜃 (𝑐𝑜𝑠 𝜃 + 1) 

Examining this equality through following table,  

Value of 𝜽 Value of 𝒇(𝜽)[Approx. values] Value of 𝒈(𝜽)[Approx. values] 
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30 1.366 1.366 

45 1.707 1.707 

60 2.598 2.598 

72.5 4.0288 4.0288 

80 6.6561 6.6561 

100 −4.6865 −4.6865 

150 −0.0774 −0.0774 

 

As we can see in this table all the values examined are coming the same which proves that 𝑓(𝜃) = 𝑔(𝜃). [6,8,9] 

Proof 2. To Prove: sin 𝜃 + tan 𝜃 = tan 𝜃 (cos 𝜃 + 1) 

Let us assume,  

𝑓(𝜃) = 𝑠𝑖𝑛 𝜃 + 𝑡𝑎𝑛 𝜃 

𝑔(𝜃) = 𝑡𝑎𝑛 𝜃 (𝑐𝑜𝑠 𝜃 + 1) 

Integrating both sides,                                                                             [6,1,7] 

∫ 𝑓(𝜃) = − cos 𝜃 + ln|sec 𝜃| + 𝐶 

∫ 𝑔(𝜃) = − cos 𝜃 + ln|sec 𝜃| + 𝐶 

As the value of integrals of both functions is equal, we can conclude that: 

𝑓(𝜃) = 𝑔(𝜃) 

sin 𝜃 + tan 𝜃 = tan 𝜃 (cos 𝜃 + 1) 

 

Proof 3. To Prove: sin 𝜃 + tan 𝜃 = tan 𝜃 (cos 𝜃 + 1) 

Let us assume,  

𝑓(𝜃) = 𝑠𝑖𝑛 𝜃 + 𝑡𝑎𝑛 𝜃 

𝑔(𝜃) = 𝑡𝑎𝑛 𝜃 (𝑐𝑜𝑠 𝜃 + 1) 

Examining equality using graphs,  

 

 

These two are the graphs of 𝑓(𝜃) and 𝑔(𝜃) respectively, as we can see as these graphs illustrates different functions but the edges of 

both graphs are equal. 

As the edges of these graphs are equal the functions are equal. [6,1] 

 

Proof 4. To Prove: sin 𝜃 + tan 𝜃 = tan 𝜃 (cos 𝜃 + 1) 

Let us assume,  

𝑓(𝜃) = 𝑠𝑖𝑛 𝜃 + 𝑡𝑎𝑛 𝜃 

𝑔(𝜃) = 𝑡𝑎𝑛 𝜃 (𝑐𝑜𝑠 𝜃 + 1) 

Differentiating both sides,                                                                          [1,7,6] 
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𝑑

𝑑𝑥
 𝑓(𝜃) = cos 𝜃 + 𝑠𝑒𝑐2 𝜃 

𝑑𝑦

𝑑𝑥
 𝑔(𝜃) = cos 𝜃 + 𝑠𝑒𝑐2 𝜃 

As the general solution of both differential equations of both equations are equal, we can conclude that:  

𝑓(𝜃) = 𝑔(𝜃) 

sin 𝜃 + tan 𝜃 = tan 𝜃 (cos 𝜃 + 1) 

In conclusion, we have thoroughly examined the equation sin 𝜃 + tan 𝜃 = tan 𝜃 (cos 𝜃 + 1) through various proofs. By testing 

specific examples, we gained insights into the behaviour of both sides of the equation across different values. Our analysis through 

integration provided a deeper understanding of the underlying expressions, revealing distinctive characteristics. Additionally, 

exploring the derivatives allowed us to observe differences in the rates of change, contributing to our overall understanding. Finally, 

graphical analysis illustrated the distinct behaviours of the two expressions, offering a visual representation of their relationships. 

Collectively, these approaches yield a comprehensive exploration of the equation and highlight its complexities. 

 

DISCUSSIONS 
The examination of the equation  sin 𝜃 + tan 𝜃 = tan 𝜃 (cos 𝜃 + 1) 

the examination of the equation through various proofs provides valuable insights into the behaviour and properties of trigonometric 

functions. By analysing specific examples, we observed how the left-hand and right-hand sides behave under different conditions, 

highlighting the complex nature of these functions. The integration and differentiation analyses further emphasized the distinct 

characteristics of the expressions involved, revealing that their rates of change and cumulative behaviours differ significantly. The 

graphical representation allowed for a visual interpretation of these findings, making it clear that the equation does not hold universally 

across its domain. This comprehensive approach not only confirms the validity of our conclusions but also enhances our understanding 

of trigonometric relationships in a broader mathematical context. Through various proofs provides valuable insights into the behaviour 

and properties of trigonometric functions. By analysing specific examples, we observed how the left-hand and right-hand sides behave 

under different conditions, highlighting the complex nature of these functions. The integration and differentiation analyses further 

emphasized the distinct characteristics of the expressions involved, revealing that their rates of change and cumulative behaviours 

differ significantly. The graphical representation allowed for a visual interpretation of these findings, making it clear that the equation 

does not hold universally across its domain. This comprehensive approach not only confirms the validity of our conclusions but also 

enhances our understanding of trigonometric relationships in a broader mathematical context.[1] 

 

APPLICATIONS 
Understanding the nuances of trigonometric identities and equations has significant applications across various fields of 

mathematics, physics, engineering, and computer science. For instance, in signal processing, the properties of sine and tangent 

functions are crucial for analysing waveforms and harmonic signals. Knowledge of how these functions interact can aid in designing 

filters and understanding resonance phenomena. Additionally, in physics, trigonometric functions are essential in describing 

oscillatory motion, such as pendulums and springs. Furthermore, in computer graphics, trigonometry is used for modelling and 

rendering shapes and animations, where precise calculations involving angles and distances are vital. The insights gained from this 

exploration of trigonometric equations can inform future research and applications in these and other fields, paving the way for 

further advancements in both theoretical and practical domains.[1] 

 

Example Scenario: Road Inclination 

Imagine you’re designing a road that goes up a hill. To ensure the road is safe and manageable, you need to calculate the total slope 

of the road, which includes both the incline (related to the angle with the horizontal) and an additional adjustment to account for 

natural unevenness. 

Let: 

𝜃 be the angle of the hill’s incline with respect to the horizontal. 

You measure that, due to uneven ground, the effective slope increases by a factor, which can be represented as a combination of the 

road’s sine (rise) and tangent (overall slope including the incline and length). 

In this situation, you find that the total adjusted slope can be calculated using the formula: 

sin 𝜃 + tan 𝜃 = tan 𝜃 (cos 𝜃 + 1) 

Applying the Formula 

Suppose the angle 𝜃 of the incline is 30 degree: 

Calculate 𝐬𝐢𝐧 𝜽: sin 30 = 0.5 

Calculate 𝐭𝐚𝐧 𝜽: tan 30 ≈ 0.577 

Calculate 𝐜𝐨𝐬 𝜽: cos 30 ≈ 0.866 

Then, using the left side of the formula: 

sin 𝜃 + tan 𝜃 ≈ 1.077 

And the right side of the formula: 

tan 𝜃 (cos 𝜃 + 1) ≈ 1.077 

 

Thus, the formula holds, confirming that the total adjusted slope for a 30-degree incline is approximately 1.077. 

Interpretation 

This calculation tells road engineers that, with an initial incline angle of 30 degree and additional factors due to uneven ground, the 

effective slope to consider in their design should be around 1.077 (107.7%). This helps in deciding safety measures, material needs, 

and the vehicle speed limits for that section of the road. 
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CONCLUSION 
In "Harjeet’s Synergistic Trigonometric Identities Part II," we have delved into the equation in "Harjeet’s Synergistic Trigonometric 

Identities Part II," we have delved into the equation sin 𝜃 + tan 𝜃 = tan 𝜃 (cos 𝜃 + 1) through various proofs, revealing a 

multifaceted understanding of trigonometric relationships. The explorations undertaken through specific examples demonstrated how 

both sides of the equation behave under diverse conditions, while integration and differentiation analyses highlighted the unique 

characteristics of these expressions. Graphical representations provided additional clarity, visually emphasizing the distinct behaviours 

of the functions involved. Despite the complexities revealed, this comprehensive examination reinforces the foundational principles 

of trigonometry and underscores the importance of basic identities in simplifying mathematical problems. This work not only 

contributes to the educational discourse surrounding trigonometric functions but also serves as a springboard for further exploration 

of these identities in both academic and practical contexts. As we continue to investigate the intricate world of trigonometric 

relationships, we encourage ongoing inquiry that fosters deeper understanding and application in various fields of study. Through 

various proofs, revealing a multifaceted understanding of trigonometric relationships. The explorations undertaken through specific 

examples demonstrated how both sides of the equation behave under diverse conditions, while integration and differentiation analyses 

highlighted the unique characteristics of these expressions. Graphical representations provided additional clarity, visually emphasizing 

the distinct behaviours of the functions involved. Despite the complexities revealed, this comprehensive examination reinforces the 

foundational principles of trigonometry and underscores the importance of basic identities in simplifying mathematical problems. 

This work not only contributes to the educational discourse surrounding trigonometric functions but also serves as a springboard for 

further exploration of these identities in both academic and practical contexts. As we continue to investigate the intricate world of 

trigonometric relationships, we encourage ongoing inquiry that fosters deeper understanding and application in various fields of study.  
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