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ABSTRACT 

The objective of the present article is to investigate the lifts of a )2,32( +F -structure and determine its integrability 

requirements and partial integrability on the tangent bundle. Finally, the third tangent bundle MT3 is examined in order to 

study the extension of a )2,32( +F -structure. 
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1. INTRODUCTION  

The polynomial structure ,.......)( 12
1 IaFaFaFFQ n

n
n ++++= −

 was described by Goldenberg et al. [9, 11], where F  is a (1,1) 

tensor field and I  is a unit tensor field on a differentiable manifold M . Gok et al. [10] recently defined and established the 

geometric characteristics of a )1,2,3)(,( baf -structure, Rba , and 0b on M . They looked at its integrability criteria and 

partial integrability. Several f -structures were examined by numerous researchers in [8, 18, 19, 20, 22, 23, 30, 31, 17]. 

A manifold M has a tangent bundle TM . Let’s examine this bundle instead. The main tool used in differential geometry to study 

geometrical structures and their characteristics, including integrability, curvature, Lie derivative, etc., is the tangent bundle. 

Structures such as almost complex structures with some fundamental features generated in tangent bundles were presented and 

investigated by Yano and Ishihara [29]. These lifts of an almost product structure over an almost r-contact structure, together with 

TM , have been studied by Das and Khan [3]. For example, Dida et al. [5, 6, 7], Khan and De [12, 16], Khan [21, 13, 27], Omran 

at el [24], and Peyghan et al. [25] have all contributed extensively to our understanding of geometric structures and relationships. 

This paper’s primary goal is to determine the partial integrability and integrability requirements of  an )2,32( +F -structure by 

studying its lifts manifolds on the tangent bundle. Finally, the third tangent bundle MT3  is examined in relation to the 

prolongation of a )2,32( +F -structure. 

Let M (dim n= ) be a differentiable manifold. A tensor field 0F of type (1, 1) on M  is said to be an )2,32( +F -structure on 

M  if 

               .0232 =++ FF r
    (1.1) 

Thus, ),( FM is called an )2,32( +F -manifold. 

 Let us define two l  and m  as projection tensors 

r

F
l



 12 +

−=  and 
r

F
Im



 12 +

+=        (1.2) 

From (1.2), we obtained 

,0=+ ml  

,0,, 22 ==== mllmmmll  

,0, ==== mFFmFlFFl  
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Let lD  and mD  be two complemetary distributions in M corresponding l  and m  and rank of F is r . 

 

2. THE COMPLETE LIFT OF AN )2,32( +F -STRUCTURE IN TM  

MTTM pMp= is a tangent bundle over the manifold M , assuming that M  is a n -dimensional differentiable manifold of 

class 
C  and that MTp is the tangent space at a point p of M . A differentiable manifold of length 2n is the tangent bundle TM  

of M . In M , let a
b

  represent the set of tensor fields of class C∞ and type ),( ba , and ))(( MTa
b

  represent the equivalent set of 

tensor fields in the tangent bundle of M with dimension 2n is represented by TM . The set of tensor fields in M  and TM are 

represented by )(Ma
b

  and ))(( MTa
b

 , respectively. 

 Let ).(, 1
1 MGF  Then [28] 

.)( CCC GFFG =       (2.1) 

Set FG = in above equation, we obtained 

.)()( 22 CC FF =       (2.2) 

Also, 

.)( CCC GFGF +=+      (2.3) 

Employing the complete lift on (1.1), we obtained 

.0)( 232 =++ Cr FF 
 

In the view of (2.2), we acquire 

.0)()( 232 =++ CrC FF 
    (2.4) 

Thus from (1.1), (2.4) and [28], the rank )( CF = 2r iff the rank )(F = r. Hence, we obtained 

 

Theorem 2.1 Let )(1
1 MF   be an )2,32( +F -structure, then 

CF is also an )2,32( +F -structure in TM . 

 

Theorem 2.2 The )2,32( +F -structure F of rank r  in M iff 
CF  is of rank r  in TM . 

 

3. INTEGRABILITY OF )2,32( +F -STRUCTURE IN TM . 

Let )(2
1 MN  be the Nijenhuis tensor of F and defined by [3, 14, 15] 

].,[],[],[],[),( 2 VUFFVUFVFUFFVFUVUN +−−=    (3.1) 

Employing the complete lifts on the above equation, we obtained 

],,[)(],[

],[],[),(

2 CCCCCCC

CCCCCCCCCCC

VUFVFUF

VUFFVFUFVUN

+−

−=
     (3.2) 

where )(2
1 TMN C  is the Nijenhuis tensor of CF . 

Let )(, 1
0 MVU  and )(1

1 MF  , we get 

,],[],[ CCC VUVU =  

,)( CCCC VUVU +=+
                     (3.3) 

.)( CCC FUUF =  

From (1.3) and (3.3), we obtained 

,)( CCCC FFllF ==  

.0)( == CCC FmmF                    (3.4) 

 

Theorem 3.1 Let )(, 1
0 MVU  , then 
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)8.3(],,[))(,)((

)7.3(],,[),(

)6.3(],,[),(

)5.3(],,[),(

22 CCCCCCCCCCCC

CCCCCCCCCC

CCCCCCCCC

CCCCCCCCC

VlUlNmVFUFNm

VFUFmVlUlNm

VFUFmVUNm

VmUmlVmUmN

=

=

=

=

 

 

Proof: The required results follow from (1.3), (3.4) and (3.1). 

Theorem 3.2 Let )(, 1
0 MVU  , the given criteria are equivalent 

.0))(,)(()(

,0),()(

,0),()(

22 =

=

=

CCCCCC

CCCCC

CCCC

VFUFNmiii

VlUlNmii

VUNmi

 

 

Proof: From (3.8), we obtained 

 

.0))(,)((0),( 22 == CCCCCCCCCC VFUFNVlUlN   (3.9) 

In view of (3.6), (3.7) and (3.9), we obtained that criteria (i), (ii), and (ii) are equivalent. 

 

Theorem 3.3 Let C
mD  be the complete lift of mD  in TM . Then C

mD is integral if mD  is integrable in M . 

Proof: Let )(, 1
0 MVU  . Then mD is integrable iff [28] 

,0],[ =mVmUl       (3.10) 

where .mIl −=  

 

Taking complete lift of (3.10), we acquire 

    (3.11) 

 

where .)( CCC mImIl −=−=  Hence, this completes the proof. 

Theorem 3.4 Let C
mD  be the complete lift of mD  in TM . Then C

mD in TM is integral if 

).(,,0),( 1
0 MVUVmUmN CCCCC =  

Proof: Let )(, 1
0 MVU  . Then mD is integrable iff [28] 

.0],[ =mVmUN   

From (3.5), we obtained  

].,[)(),( 2 CCCCCCCCCC VmUmFVmUmN =   (3.12) 

Operating Cl  on (3.12), we get 

].,[)(),( 2 CCCCCCCCCCCC VmUmlFVmUmNl =  (3.13) 

Using (3.11), the equation (3.13) reduces to 

.0),( =CCCCCC VmUmNl     (3.14) 

Also, we have 

.0),( =CCCCCC VmUmNl     (3.53) 

Combining (3.14) and (3.15), we obtained 

.0),()( =+ CCCCCCC VmUmNml  

Since ,Iml CC =+ we obtained 

.0),( =CCCCC VmUmN  

Theorem 3.5 Let )(, 1
0 MVU  and 

l
D  be integrable in M such that .0),( =VUmN Then C

l
D  is integrable in T M iff 

any condition of Theorem (3.2) is satisfied. 

Proof: If 
l

D  be integrable in M iff 

,0],[ =CCCCC VmUml
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.0),( =lVlUmN  

Thus C
l

D  be integrable in TM iff 

.0),( =CCCCCC VlUlNm  

From (3.8), we obtained the required results. 

 

Theorem 3.6 Let CF  be the complete lift of an )2,32( +F -structure F  in TM . Then CF  is partially integrable in 

TM  iff F is partially integrable in M. 

 

Proof: Let )(, 1
0 MVU  and an )2,32( +F -structure F in M is partially integrable iff 

.0),( =lVlUN      (3.16) 

From (1.3) and (3.1), we acquire 

,)),((),( CCCCCC lVlUNVlUlN =  

which implies  

.0),(0),( == lVlUNVlUlN CCCCC  

Also from Theorem (3.2), 0),( =CCCCC VlUlN is equivalent to 

.0))(,)(( 22 =CCCCC VFUFN  

This completes the proof. 

Theorem 3.6 Let CF  be the complete lift of an )2,32( +F -structure F  in TM . Then CF  is partially integrable in 

TM  iff F is partially integrable in M. 

 

Proof: Let )(, 1
0 MVU  and an )2,32( +F -structure F in M is partially integrable iff 

.0),( =VUN      (3.17) 

Taking the complete lift on (3.1), we obtained 

     .)),((),( CCCC VUNVUN =  

From 0),( =VUN , then we obtained 

.0),( =CCC VUN  

This completes the proof. 

 

4. THE HORIZONTAL LIFT OF AN )2,32( +F -STRUCTURE IN TM  

Let S and S  be tensor fields in M and T M, respectively and given by in the term of partial differential equations [1, 2, 28] 

,...............
...

jk

hi

hi
jk

dxdx
UU

SS 








=  

,...............
...

jk

hi

hi
jk

l dxdx
VU

SVS 








=   

where ∇ is an affine connection, corresponding to the induced coordinates ),( hh VU  in )(1 U−  [28]. 

The horizontal lift of S  is denoted by 
HS  in T M and given by 

.SSS CH
−=  

Theorem 4.1 Let )(1
1 MF   be an )2,32( +F -structure, then 

HF is also an )2,32( +F -structure in TM . 

 

Proof: Let 
HF  be the horizontal lift of F  in TM . Taking the horizontal lift on (1.1), we obtained 

 

.0)( 232 =++ Hr FF 
 

Since ,)()( 22 HH FF = then 

.0)()( 232 =++ HrH FF 
    (4.1) 

Hence,
HF is also an )2,32( +F -structure in TM . 
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Theorem 4.2 The )2,32( +F -structure F of rank r  in M iff HF  is of rank r2  in TM . 

Proof: In the view of  from (1.1), (4.1) and [28], the rank )( HF = 2r iff the rank )(F = r.  

If )(1
0 Mm  be a projection tensor field such that  

.2 mm =  

Taking the horizontal lift and from [28], we obtained  

.)( 2 HH mm =  

This shows that 
Hm  is a projection in T M. Then 

HD  is the distribution in T M corresponding to 
Hm , where D is the 

distribution in M. 

 

5. PROLONGATION OF AN )2,32( +F -STRUCTURE IN MT3  

Let MT3  be the third order tangent bundle in M and let 
IIIF  be the third lift on F in MT3 . )(, 1

1 MGF  , we obtained 

,)(

))((

))((

)()(

IIIIII

III

IIIIII

IIIIIIIIIIIIIIIIII

UGF

FUG

FUG

UFGUFG

=

=

=

=

   

).(1
0 MU  Thus we get 

.)( IIIIIIIII GFFG =  

 

Theorem 5.1 Let )(1
1 MF   be an )2,32( +F -structure, then third lift

IIIF is also an )2,32( +F -structure in TM . 

 

Proof: Let 
IIIF  be the horizontal lift of F  in TM . Taking the horizontal lift on (1.1), we obtained 

 

.0)( 232 =++ IIIr FF 
 

Since ,)()( 22 IIIIII FF = then 

.0)()( 232 =++ IIIrIII FF 
     

Hence,
IIIF is also an )2,32( +F -structure in TM . 

 

Theorem 5.2 Let )(1
1 MF   be an )2,32( +F -structure such that 

IIIF  is integrable in MT3  iff F is integrable in M. 

 

Proof: Let 
IIIN and N be Nijenhuis tensors of 

IIIF  and F. Then we have  

.)),((),( IIIIII VUNVUN =    (3.17) 

As an )2,32( +F -structure is integrable in M iff N (U, V ) = 0, then from above equation, we obtained 

 

 

 

Hence 
IIIF  is integrable in MT3  iff F is integrable in M. 
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