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ABSTRACT
The objective of the present article is to investigate the lifts of a F, (2v + 3,2) -structure and determine its integrability

requirements and partial integrability on the tangent bundle. Finally, the third tangent bundle T;M is examined in order to
study the extension of a F, (2v + 3,2) -structure.
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1. INTRODUCTION

The polynomial structure Q(F)=F n+anF"‘1+ ....... +a,F +a;1, was described by Goldenberg et al. [9, 11], where F isa (1,1)
tensor field and | is a unit tensor field on a differentiable manifold M . Gok et al. [10] recently defined and established the
geometric characteristics of a f(a,b)(3,2,1) -structure, a,beRand b=0on M. They looked at its integrability criteria and
partial integrability. Several f -structures were examined by numerous researchers in [8, 18, 19, 20, 22, 23, 30, 31, 17].

A manifold M has a tangent bundle TM . Let’s examine this bundle instead. The main tool used in differential geometry to study
geometrical structures and their characteristics, including integrability, curvature, Lie derivative, etc., is the tangent bundle.
Structures such as almost complex structures with some fundamental features generated in tangent bundles were presented and
investigated by Yano and Ishihara [29]. These lifts of an almost product structure over an almost r-contact structure, together with
TM , have been studied by Das and Khan [3]. For example, Dida et al. [5, 6, 7], Khan and De [12, 16], Khan [21, 13, 27], Omran
at el [24], and Peyghan et al. [25] have all contributed extensively to our understanding of geometric structures and relationships.
This paper’s primary goal is to determine the partial integrability and integrability requirements of an F; (2v + 3,2) -structure by

studying its lifts manifolds on the tangent bundle. Finally, the third tangent bundle T3M is examined in relation to the
prolongation of a F,(2v +3,2) -structure.
Let M (dim=n) be a differentiable manifold. A tensor field F =0 of type (1,1) on M issaid to be an F;(2v + 3,2) -structure on
M if
F+3 L A'F?2 =0. (1.1)
Thus, (M, F)is called an F;(2v + 3,2) -manifold.
Let us define two | and m as projection tensors

2v+l 2v+l
I:—Fr andm:I+Fr (1.2)
A A
From (1.2), we obtained
I+m=0,
12=1, m2=m, Im=ml=0,

FI=IF=F, Fm=mF =0,
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Let D, and Dy, be two complemetary distributions in M corresponding | and m and rank of Fis r.

2. THE COMPLETE LIFT OF AN F,(2v +3,2) -STRUCTURE IN T™
TM =uU pem TpM is a tangent bundle over the manifold M , assuming that M is a n -dimensional differentiable manifold of

class C* and that TpM is the tangent space at a point pof M . A differentiable manifold of length 2n is the tangent bundle TM

of M.In M, let SS represent the set of tensor fields of class ceo and type (a,b) , and SE‘(T(M)) represent the equivalent set of
tensor fields in the tangent bundle of M with dimension 2nis represented by TM . The set of tensor fieldsin M and TM are
represented by 3¢ (M) and 37 (T(M)), respectively.

Let VF,G e 35(M). Then [28]

(FG)¢ =F¢GC. 2.1)
Set G =F in above equation, we obtained

(F2) =(F©)% (2.2)
Also,

(F+G)° =FC¢ +G°. (2.3)

Employing the complete lift on (1.1), we obtained
(F22 4+ 2"F5)C =0,
In the view of (2.2), we acquire
(FC)23 4 47 (FC)2 0, (2.4)

Thus from (1.1), (2.4) and [28], the rank (FC) = 2r iff the rank (F) = r. Hence, we obtained

Theorem 2.1 Let F € 37(M) be an F,(2v + 3,2) -structure, then FCisalsoan F,(2v +3,2) -structure in TM .
Theorem 2.2 The F,(2v +3,2) -structure F of rank r in M iff FC isofrank r in TM .

3. INTEGRABILITY OF F;(2v +3,22) -STRUCTURE IN TM .
Let N e 32 (M) be the Nijenhuis tensor of F and defined by [3, 14, 15]
N(U,V)=[FU,FV]-F[FU,V]-F[U,FV]+F2[U,V]. (3.2)
Employing the complete lifts on the above equation, we obtained
NCUC VC)=[FCUC, ECVC]-EC[ECUC v O] 2
~FCUC,FCVC ]+ (F2)CUC VO,

where N© e 32(TM) is the Nijenhuis tensor of F© .

Let vU,V e3g(M)and F e 37(M), we get
CRAASEICAYS
UC+vCE=uC® +vC, (3.3)
FCUC =(FU)©.
From (1.3) and (3.3), we obtained
FCI€ =(FC® =FC,

FCm® =(Fm)© =o. (3.4)

Theorem 3.1 Let VU,V € 335(M), then
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NEmCUC mevC)=1mCu’ mCvey, (3.5)

mENCUC VE)=mC[FCUC FCVCy, (3.6)
mENQICUC 1V ey =mC[FCUC ECV C, (3.7)
mENC(F2)CUC, (FH)CvC)=mENCCuUC,1CvE), (3.8)

Proof: The required results follow from (1.3), (3.4) and (3.1).
Theorem 3.2 Let YU,V € 35(M), the given criteria are equivalent

(i) mENCUC VvE) =0,
(ii) mENICUC 1CvC) =0,
i)  mENC(FHCUC,(F?)CvS)=o.

Proof: From (3.8), we obtained

NCACUC 1CvE) =06 NC((F?)CUC, (F?)CVv©)=o. (3.9)
In view of (3.6), (3.7) and (3.9), we obtained that criteria (i), (ii), and (ii) are equivalent.

Theorem 3.3 Let DS be the complete lift of D, in TM . Then DS is integral if D, is integrable in M .

Proof: Let VU,V € 35(M). Then D, is integrable iff [28]
I[mU,mV]=0, (3.10)
where =1 -m.

Taking complete lift of (3.10), we acquire

1CmCuC mCvCi=o, (3.11)
where 1€ = (1 —m)€ =1 —m®. Hence, this completes the proof.
Theorem 3.4 Let DS be the complete lift of D, in TM . Then D in T™ is integral if
NEmCUC mCvCy=0vu,vesim).
Proof: Let YU,V € 335(M). Then D, is integrable iff [28]
N[mU,mV]=0.
From (3.5), we obtained
NEmMCUC mevC)=(F%HmCu’ mCvC. (3.12)
Operating 1€ on (3.12), we get
IENCMCUC MV =(FHC1CmCu® mCvCl. (3.13)
Using (3.11), the equation (3.13) reduces to
ICNCmCu®,mCvC)=o. (3.14)
Also, we have
I°N® (MU mCvC)=o. (3.53)

Combining (3.14) and (3.15), we obtained
1 +mENE MU, ,mCvC)=o.
Since 1€ + m® =1, we obtained
NEmCu® mCvC)=o.
Theorem 3.5 Let YU,V e 5g(M)and D, be integrable in M such that mN(U,V)=0.Then D,C is integrable in T M iff
any condition of Theorem (3.2) is satisfied.

Proof: If D, be integrable in M iff
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mN(IU,IV) =0.
Thus DS be integrable in TM™ iff
mENCaCuC,IcvC=o.
From (3.8), we obtained the required results.

Theorem 3.6 Let FC be the complete lift of an F;(2v +3,2) -structure F in T™M . Then FC is partially integrable in
T™ iff Fis partially integrable in M.

Proof: Let YU,V e 3g(M)and an F, (2v +3,2) -structure F in M is partially integrable iff
N(IU,IV) =0. (3.16)
From (1.3) and (3.1), we acquire
NCACUC IV ) =(NaU,Iv))©,
which implies
NCACUC 1vE) =0 N(U,IV) =0.
Also from Theorem (3.2), N©(1€U € 1€V ) =0is equivalent to
NC(F2)CuC,(F2)CvCy=o.
This completes the proof.
Theorem 3.6 Let F€ be the complete lift of an F;(2v +3,2) -structure F in TM . Then E€ is partially integrable in

T™ iff F is partially integrable in M.

Proof: Let YU,V e 3g(M)and an F, (2v +3,2) -structure F in M is partially integrable iff
N(U,V)=0. (3.17)
Taking the complete lift on (3.1), we obtained
NCUC Ve =(NU,V)E.
From N(U,V)=0, then we obtained
NCUC Vv =o.
This completes the proof.

4. THE HORIZONTAL LIFT OF AN F;(2v +3,2) -STRUCTURE IN T™M
Let Sand VS be tensor fields in M and T M, respectively and given by in the term of partial differential equations [1, 2, 28]

s=si-h 9 o 9o % guke... odi,

k...j U i U h

0 0

v,;s=Vvlv,skN ®..® ——@dxK @....®dx],

K...j au_'
where V is an affine connection, corresponding to the induced coordinates (U h v h) in 7% V) [28].
The horizontal lift of S is denoted by S HinTMand given by

sH-sC_v,s.

Theorem 4.1 Let F € 37(M) be an F,(2v +3,2) -structure, then F H is also an F,(2v +3,2) -structure in TM .

Proof: Let FH be the horizontal lift of F in TM . Taking the horizontal lift on (1.1), we obtained

since (F2)" =(F")?, then

Hence, F M is also an F,(2v +3,2) -structure in TM .
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Theorem 4.2 The F;(2v + 3,2) -structure F of rank r in Miff F Hisof rank 2r in TM .
Proof: In the view of from (1.1), (4.1) and [28], the rank (F H ) = 2riff the rank (F) =r.

If me S%)(M) be a projection tensor field such that

m? =m.
Taking the horizontal lift and from [28], we obtained
(m H )2 =m".

H

This shows that m™" is a projection in T M. Then DH s the distribution in T M corresponding to m™ | where D is the

distribution in M.

5. PROLONGATION OF AN F,(2v +3,2) -STRUCTURE IN T3M
Let T3M be the third order tangent bundle in M and let F " e the third lift on F in T3M . VF,Ge S%(M) , we obtained
GITEIHy I _ g (gl iy
— 6" (Fu)M)
= G(Fu)"
_(GF)y M
VU35 (M). Thus we get
GME _ (R,

Theorem 5.1 Let F € 37(M) be an F;(2v + 3,2) -structure, then third lift F s also an F,(2v +3,2) -structure in TM .

Proof: Let E'"" be the horizontal lift of F in TM . Taking the horizontal lift on (1.1), we obtained

since (F2)" =(F"")?, then

(FM)2 43 r (g2 _g

Hence, F " isalso an F;(2v + 3,2) -structure in TM .

Theorem 5.2 Let F e 33(M) be an F;(2v + 3,2) -structure such that F "' is integrable in T;M iff F is integrable in M.

Proof: Let N""and N be Nijenhuis tensors of F " and F. Then we have
N"u,vy=(NU, V). (3.17)
Asan F;(2v + 3,2) -structure is integrable in M iff N (U, V) = 0, then from above equation, we obtained

N u,v)=0.

Hence F" is integrable in TgM iff F is integrable in M.
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